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Abstract
Burns et al. (1979) use the parameter β to describe the ratio of radiation pressure to gravity experienced by a small particle in
the solar system. The central potential that these particles experience is effectively reduced by a factor of (1 − β), lowering the
escape velocity. Burns et al. (1979) also provide a simple expression for the value of β at which particles ejected from a comet
follow parabolic orbits and thus leave the solar system; this paper expands on this to calculate critical β values that take ejection
velocity into account. We first derive an expression for the speed at which particles are ejected from a comet that is valid at all
particle sizes. We then calculate β values for both idealized and real materials to determine which particles will be lost from meteor
streams. We perform these calculations for cometary ejecta leading, trailing, and following the parent comet’s nucleus for 10 major
meteor showers. These values bound mass regimes within which meteoroids are ejected from the solar system and therefore cannot
contribute to meteor showers.
Keywords: Meteors
1. Introduction
The orbits of small particles in the solar system are governed
by radiative forces as well as gravity. These forces include radi-
ation pressure, Poynting-Robertson drag, and solar wind pres-
sure. Radiation pressure is the most significant of these and
follows an inverse-square law (provided that the Sun is approx-
imated as a point source of radiation). The ratio of radiation
pressure to gravity is thus independent of distance and can be
expressed as a dimensionless variable, β. When β = 1, radiation
pressure completely counteracts gravity and particles become
unbound from the Sun’s gravitational field. For β < 1, the po-
tential well remains, but its strength is reduced and the escape
speed is lowered.
A comet with a large orbital eccentricity has an orbital speed
at perihelion that is quite close to the nominal local escape
speed. The small particles it releases have an even lower escape
velocity but are, on average, moving with their parent comet.
Thus, these ejected particles may be moving at speeds that ex-
ceed their escape velocities (Harwit, 1963; Dohnanyi, 1970).
This situation likely occurs for many meteoroids: most meteor
showers have been linked to either comets or comet-like aster-
oids (such as 2003 EH1 and 3200 Phaethon), and the sporadic
meteor background is also largely attributed to comets (Wiegert
et al., 2009; Nesvorny´ et al., 2011; Pokorny´ et al., 2014).
The radiation pressure factor, β, tends to be inversely propor-
tional to diameter for large particles. However, particles smaller
than the radiation wavelength do not absorb photons as readily,
and the inverse relationship between β and size breaks down at
small sizes. Depending on the optical properties of the ejecta, β
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may be less than one at all sizes (such as basalt; see Fig. 7a of
Burns et al., 1979).
Burns et al. (1979) provide a simple expression for the crit-
ical value of β for which cometary ejecta follow parabolic or-
bits. However, particles tend to be ejected from comets, pro-
pelled by jets of gas, and their velocities therefore differ from
that of the parent nucleus. In this paper, we derive an analytic
expression for the critical β value for which cometary ejecta es-
cape the solar system, taking this ejection velocity into account.
However, this analytic expression applies only to large particles
governed by geometric optics. Thus, we also extend our anal-
ysis to handle small particles and the non-geometric and non-
ideal optics cases. We present improved β values for materials
such as graphite, iron, and basalt. We also correct the Jones
(1995) model for the speed at which solid material is ejected by
cometary nuclei, and extend it to handle small particles.
2. Ejection velocity
Whipple (1951) proposed a comet model in which meteoric
materials are embedded in a nucleus comprised of frozen but
volatile materials such as water and ammonia ices. At small
heliocentric distances, the volatile compounds sublimate from
the sunlit side of the nucleus and expand outward in a coma.
These gases carry dust and meteoroids away from the nucleus;
momentum is transferred to these solid particles through their
absorption and re-emission of gas particles. As the distance
from the nucleus increases, the gas thins and momentum trans-
fer ceases after having imparted to the particles an ejection ve-
locity of u∞.
There are a number of variations on and parameterizations
of the Whipple model (examples include Jones, 1995; Brown
and Jones, 1998; Tricarico et al., 2014; Kelley et al., 2014).
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These ejection velocity formulae generally depend on the size
and density of the particle, heliocentric distance, and the size
of the parent nucleus. This paper presents a modification of the
Jones (1995) model that corrects its coefficients and extends it
to small particle sizes. A full derivation is presented in Ap-
pendix A; here we present only those equations that are neces-
sary for calculating the ejection speed.
It is first necessary to solve for the temperature, T , and satu-
ration pressure, psat, of the gas sublimating from the surface of
the comet:
F
4r2h
= σT 4 + H(T ) psat(T )
√
M
2piRT
(1)
psat(T ) = (3.56 × 1012 Pa) · e−6141.667 K/T (2)
where F = 1361 W m−2 is the solar irradiance at 1 au, rh is
heliocentric distance in au, σ is the Stefan-Boltzmann constant,
R is the gas constant, and M is the molar mass of the gas. The
quantity H(T ) is the heat of sublimation of water ice and can
be taken from data tables or approximated as a constant (see
Fig. A.6). Eq. 1 assumes that the incident solar radiation heats
the entire comet nucleus evenly and that material is released
from all directions. This is a simplification – comets do not
sublimate isotropically – but jets of material have been seen
to erupt from the dark sides of several comets, including 9P
(Farnham et al., 2013), 103P (Protopapa et al., 2012), and 67P
(Rinaldi et al., 2019). These jets sometimes occur hours after
local sunset.
Once T and psat have been determined, one can compute the
speed, v1, and density, ρ1, of the gas near the comet after ther-
modynamic equilibrium has been re-established:
v1(T ) =
√
piRT/2M (3)
ρ1(T ) = psat(T ) · (M/piRT ) (4)
Eqs. 3 and 4 further assume that no gas particles re-condense
onto the comet’s surface.
Solid particles are assumed to be carried away from the nu-
cleus by gas drag. The final speed of these particles relative to
the comet, u∞, is:
u∞ ' v1(T )
(
0.4025 + 0.5139 · ξ−1.054
)−0.949
(5)
ξ2 =
AΓ
2
m−1/3ρ−2/3m ρ1(T ) Rc (6)
where the dimensionless parameter ξ encompasses all depen-
dence on terms such as the particles’ shape factor, A = 1.209;
drag coefficient, Γ = 2.89; mass, m; bulk density, ρm; and the
radius of the comet nucleus, Rc. Note that when ξ is large, the
first term in Eq. 5 (i.e., the constant 0.4025) dominates; this
corresponds to the limit in which the particles are small and
move with the gas. When ξ is small, the second term in Eq. 5
(i.e., 0.5139 · ξ−1.054) dominates; this corresponds to the limit in
which the particles are large and always move at speeds much
lower than the gas speed.
Other authors have further simplified these equations by ap-
proximating T (rh) as a Taylor series about rh = 1 and neglecting
the small-particle component of Eq. 5, but we will use Eqs. 1–6
in the form presented here.
3. Escape velocity
Radiation pressure is a repulsive central force on small par-
ticles while gravity is an attractive central force. Both forces
follow inverse square laws, and thus the ratio of radiation pres-
sure to gravity provides us with a dimensionless parameter β,
defined as
β = (3L/16piGMc)(Qpr/ρms)
= 5.74 × 10−4 kg m−2 × (Qpr/ρms) (7)
where L = F · 4pi au2 is the solar luminosity, G is the gravita-
tional constant, M is the Sun’s mass, c is the speed of light,
ρm is the bulk density of the affected particle, and s is its ra-
dius (Burns et al., 1979). The final term, Qpr, is the radiation
pressure efficiency factor, which is equal to one for a perfectly
absorbing particle that is significantly larger than the radiation
wavelength (i.e., the “geometric optics” case).
For a particle with non-zero β, the central potential is reduced
by a factor (1 − β) and its escape speed is correspondingly re-
duced by a factor of
√
1 − β. The full expression for the es-
cape speed at heliocentric distance r = q, where q is the parent
comet’s perihelion distance, is:
v2esc = GM(1 − β)
2
q
(8)
Particles are unbound from the Solar System when their total
speed is greater than this escape speed.
This section presents our methods for calculating Qpr and
thus β for three cases: geometric optics, ideal materials, and
non-ideal (or “real”) materials.
3.1. Geometric optics
In the geometric optics case, Qpr = 1 at all wavelengths. In
this case, β is extremely simple to calculate:
β = 5.74 × 10−4 kg m−2 × (ρms)−1 (9)
This simple case is frequently invoked for dynamical studies of
large meteoroids.
3.2. Ideal material
When the particle size is comparable to the dominant wave-
lengths of the solar spectrum, Qpr deviates from 1 and the par-
ticle absorbs and scatters light less readily. As a result, β can
begin to drop again for small particle sizes (see Fig. 1). Given
the lack of detailed meteoroid optical information, Zook and
Berg (1975) proposed a so-called “ideal material” for which:
Qpr(λ) =
1 λ < 2pis0 λ > 2pis (10)
where λ is wavelength. Even this simple material is
wavelength-dependent and thus Eq. 10 must be convolved with
the solar spectrum to obtain Qpr:
Qpr =
∫ ∞
0 Qpr(λ
′)Bλ(λ′,T )dλ′∫ ∞
0 Bλ(λ
′,T )dλ′
(11)
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Figure 1: Ratio of radiation pressure to gravity, β, as a function of particle size for several materials. Panel (a) contains a colorized version of Fig. 7a from Burns
et al. (1979). Panel (b) presents our calculations for the same materials, using the same densities as Burns et al. (1979).
where Bλ is the spectral radiance per unit wavelength. For sim-
plicity, we approximate the solar spectrum as a black body with
a temperature of 5778 K. This gives weighting factors similar
to that shown in Fig. 18 of Zook and Berg (1975).
Using Eq. 11, we can calculate β as a function of particle size
s for this “ideal material” and compare to Burns et al. (1979);
Fig. 1 shows both solutions. Here, we have used a density of
3000 kg m−3 for the sake of comparing with the earlier work.
While both are equivalent to the geometrical optics case at large
sizes, our solution deviates from that of Burns et al. (1979) for
small particles. The reason for this discrepancy is unclear.
3.2.1. Real materials
Real materials can behave very differently from an ideal ma-
terial, and both the refractive index and the extinction coeffi-
cient (i.e., the real and imaginary components of the complex
index of refraction) can vary with wavelength. We calculate
Qpr as a function of wavelength and particle size using code
provided by Navarro and Werts (2013), which is itself a transla-
tion to Python of Ma¨tzler’s MATLAB package (Ma¨tzler, 2002).
We have modified the code slightly to reduce underflow errors.
The Navarro and Werts (2013) code computes absorption and
scattering terms (Qabs and Qsca) as well as the asymmetry pa-
rameter 〈cos φ〉 for a given x = 2pis/λ and complex index of
refraction, ~n(λ). The radiation pressure efficiency factor is ob-
tained from these terms as follows:
Qpr = Qabs − Qsca〈cos φ〉 (12)
Once again, we convolve Eq. 12 with a black-body solar spec-
trum to obtain the total effective Qpr.
As mentioned, the Navarro and Werts (2013) code requires a
complex index of refraction for the material in question. Querry
(1985) provides these indices for iron and graphite pellets as a
function of wavelength in the range 0.21-55.5 µm. Figure 1
shows the resulting β values. We have assumed a density of
2150 kg m−3 for graphite and 7870 kg m−3 for iron. Our β
calculations for both materials have the same general shape as
those of Burns et al. (1979), although we obtained higher values
of β at small sizes.
We have also computed β for an additional material, tholins
(Sagan and Khare, 1979), which are thought to occur on the sur-
face of many icy bodies in the solar system, including comets.
Khare et al. (1984) provide values for the complex refractive in-
dex of tholins over a wide range of wavelengths. We assume a
density of 1450 kg m−3 for the tholin grains (Lamy and Perrin,
1988), which also falls within the range of acceptable mete-
oroid densities (Kikwaya et al., 2011; Moorhead et al., 2017a).
In Fig. 2, we compare these tholin β values with those of an
ideal material of the same density. We obtain values that are
very similar to those of Lamy and Perrin (1988). At micron-or-
larger sizes, the tholins and the ideal material have very similar
β values, but the behavior at small sizes is significantly differ-
ent. Thus, while sub-micron ideal material grains will be lit-
tle affected by radiation pressure, sub-micron tholin grains will
experience a reduced escape velocity compared to their parent
comet.
4. Unbound mass ranges
Many meteor shower parent bodies have high eccentricities
and their speeds at pericenter can be quite close to escape ve-
locity. The velocity of a comet (or any orbiting object) at peri-
helion is:
v2p = GM
(
2
q
− 1
a
)
(13)
where q is perihelion distance and a is semi-major axis.
This speed is equal to the local escape speed (Eq. 8) when
β = β0 = q/2a = (1 − e)/2, where e is orbital eccentricity,
as given by Burns et al. (1979). Particles with this value of
β or larger are unbound from the Sun if their speed matches
3
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Figure 2: Ratio of radiation pressure to gravity, β, as a function of particle size
for two materials of the same density. We compare an ideal material with a
density of 1450 kg m−3 to a tholin of the same bulk density. Values of β for the
two materials are similar at large sizes but deviate significantly at small sizes.
that of the comet nucleus. In this section, we also consider
cases in which particles are ejected from the comet with some
additional velocity. Depending on the direction of ejection, this
effect may either raise or lower the mass threshold at which
particles become unbound.
We combine our calculations of the particle ejection speed
and escape velocity in order to compute the particle mass ranges
that are excluded due to radiation pressure. For large parti-
cles that obey geometric optics, an analytic solution exists; we
present this solution in Appendix B for interested readers. In
all other cases, it is necessary to compute the range of excluded
masses numerically. To do so, we solve for ejection velocity
(using Eqs. 5 and 6) and escape velocity (using Eqs. 7 and 8) as
a function of particle size. By comparing the two velocities, we
can determine the size ranges within which all or some ejected
particles will be on unbound orbits and thus lost from the solar
system.
Figure 3 compares these speeds for the Perseids, which orig-
inate from comet 109P/Swift-Tuttle. The top panel of Fig. 3
demonstrates that for ejecta composed of ideal material, par-
ticles smaller than about 4 × 10−19 kg are removed partly or
wholly from the stream. While trailing ejecta smaller than
2 × 10−19 kg are retained, the large size of Swift-Tuttle pro-
duces ejection velocities that are large enough to remove all
leading ejecta less massive than 4 × 10−10 kg. The lower panel
compares the same Perseid ejection velocities with the escape
velocity corresponding to tholins. In this case, all material be-
low 7 × 10−12 kg is removed from the stream. This is due to
tholin grains having significantly larger values of β for small
particles (see Fig. 2).
Figure 4 summarizes our results for 10 major meteor show-
ers with known parent bodies. For each shower, we present
the mass interval (or intervals) within which meteors are not
bound to the solar system. We present the results for both an
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Figure 3: This plot compares the initial velocity of Perseid meteoroids and dust
with the velocity of escape from the solar system as a function of particle mass
or radius, assuming that all particles are composed of ideal material (top) or
tholins (bottom) and have a density of 1450 kg m−3. The black lines represent
the total velocity of particles ejected in (leading ejecta) and opposite to (trailing
ejecta) the direction of the parent comet’s motion at perihelion. The hatched
regions indicate material whose velocity exceeds escape velocity and is thus
lost due to radiation pressure.
ideal material and a tholin. Both cases assume a density of
1450 kg m−3, which corresponds to the results shown in Fig-
ures 2-3. The upper mass limit at which streams begin to lose
particles is comparable to those calculated by Dohnanyi (1970)
assuming geometric optics and neglecting ejection velocity.
The extent of the excluded mass ranges in Fig. 4 depends on
both the parent comet properties and the particle properties. For
instance, the parent body of the Lyrids (LYR) is comet C/1861
G1 (Thatcher); this comet has an eccentricity of 0.983, the high-
est of all parent bodies considered here, and is thus moving
very close to escape velocity at perihelion. As a result, this
stream begins to lose leading particles around 10−9 kg. The
optical properties of the ejecta also affect these limits, particu-
larly for very small dust particles. Some fraction of the small-
est dust particles in our plots remain in the stream if they have
ideal optical properties, but are not retained if they resemble
tholins (or graphite or iron). The density of the particles can
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Figure 4: The above bar charts indicate the mass (or radius) ranges at which particles cannot form a part of a given meteor shower. Ten showers are considered here:
the alpha Capricornids (CAP), the Draconids (DRA), the Geminids (GEM), the Leonids (LEO), the April Lyrids (LYR), the Northern Taurids (NTA; calculation
also applies to the Southern Taurids), the Orionids (ORI), the Perseids (PER), the Quadrantids (QUA), and the Ursids (URS). The excluded mass range for each
shower is calculated assuming ideal optics or that the particles have the optical properties of tholins. A density of 1450 kg m−3 was used in both cases.
also shift these ranges by a factor of a few (i.e., 2-4). For in-
stance, in the left panel of Fig. 4, Geminids with masses be-
tween 3.29 × 10−19 kg and 1.18 × 10−12 kg are excluded from
the stream entirely. If we instead use a density of 3000 kg m−3
(which is more in line with current estimates of Geminid densi-
ties; Borovicˇka et al., 2010; Narziev, 2019), this range shrinks
to [9.83 × 10−19 kg, 3.18 × 10−13 kg]. Because these shifts are
small compared to the range depicted in Fig. 4, and because
the overall behavior is unchanged, we have opted not to depict
them.
5. Limitations and implications
This study has a number of limitations that we would like to
highlight here. First, we neglect the influence of the Lorentz
force on small particles (Consolmagno, 1980). This effect, in
which particles accumulate charge and interact with the Sun’s
magnetic field, can produce significant changes in the orbits of
small particles. Isobe and Sateesh-Kumar (1993) find that for
basalt-like particles, Lorentz forces can be more significant than
radiation pressure for particles smaller than 1 µm during solar
maximum. The effect of the Lorentz force varies over the solar
cycle and also depends on the photoelectric yield of the parti-
cle material; overall, it induces a random walk on the orbital
elements of small particles (Consolmagno, 1980). The Lorentz
force may result in the loss of additional small particles, but,
due to its variability, we do not believe it can produce long-
term retention of particles whose orbital velocity exceeds the
local escape velocity at perihelion.
Second, we treat stream membership very simply: a particle
ejected from a meteor shower’s parent body is considered to be
part of the stream unless its eccentricity is greater than one. We
make no attempt to define the point at which a bound particle
becomes part of the sporadic complex. Similarly, we have not
attempted to define when a particle does not contribute to me-
teor showers seen at Earth. Those particles that remain bound
to the solar system will still follow orbits that differ from those
of their parent body due to the effects of ejection and radiation
pressure. Particles that form part of inclined streams may inter-
sect the ecliptic plane at a range of heliocentric distances; this
could cause certain particle ranges to be preferentially seen or
not seen at the Earth; Brown (1999) demonstrates how radiation
pressure and ejection velocity correspond to a spread in nodal
radius.
The inclusion or exclusion of meteoroids of a certain size
from meteoroid streams has ramifications for our understand-
ing of the meteoroid environment. Many studies use Equation
A3 of Gru¨n et al. (1985) to describe the interplanetary mete-
oroid flux at 1 au as a function of particle mass; this equation is
presented in Fig. 5. Gru¨n et al. constrained this flux curve using
Pioneer, HEOS, and Pegasus data at the small end, and tied the
slope at large particle sizes to the mass index of 1.34 measured
by Hawkins and Upton (1958) and quoted by Whipple (1967).
This mass index of 1.34 was derived using 300 sporadic mete-
ors (see the bottom of page 729 of Hawkins and Upton, 1958).
Figure 4 indicates that particles ranging in mass from approx-
imately 10−18 to 10−13 kg are excluded from all ten streams by
radiation pressure. This mass range encompasses the limiting
masses measured by in situ impact experiments such as Pio-
neer 8 and 9 and HEOS. Furthermore, several showers – the
Lyrids, Orionids, and Perseids – lose a portion of ejected par-
ticles smaller than 10−9 kg, possibly reducing the contribution
of meteoroid streams to the Pegasus data. In fact, an unpub-
lished reanalysis of Pegasus data revealed no shower signatures
5
Pegasus
HEOS
Pioneer 8 & 9
f ∝ m−1.34
10−21 10−18 10−15 10−12 10−9 10−6 10−3 1
10−15
10−10
10−5
1
limiting mass (kg)
flu
x
(m
−2
s−
1 )
Figure 5: The flux model of Gru¨n et al. (1985) is shown here as a black curve.
We also present the key data points used to constrain that model; this figure
corresponds to Fig. 1 of Gru¨n et al. (1985). We have included the sporadic
mass index of Hawkins and Upton (1958) as a dotted orange line.
(Blaauw, private communication). Thus, the Gru¨n et al. (1985)
flux model most likely describes only sporadic meteoroids and
not the meteoroid environment as a whole.
This in turn has implications for meteor shower forecasting.
The NASA Meteoroid Environment Office issues annual me-
teor shower forecasts to facilitate spacecraft risk assessments.
These forecasts provide an enhancement factor that represents
the percentage by which the total flux, sporadic plus shower,
lies above or below the Gru¨n et al. (1985) flux. Historically, the
forecasting algorithm assumes that showers contribute to the
Gru¨n et al. (1985) flux, and thus times of low shower activity
correspond to negative enhancement factors (Moorhead et al.,
2017b). However, this paper indicates that it would be more ac-
curate to consider any shower activity as an enhancement over
Gru¨n et al. (1985); we recently updated our shower forecasting
algorithms to adopt this approach (Moorhead et al., 2019).
6. Conclusions
In this paper we have considered the processes by which par-
ticles may be removed from a meteoroid stream in less than one
orbit by radiation pressure. We include the velocity at which a
comet nucleus releases ejecta in order to determine the mass
range within some or all particles are lost from the stream.
We have re-derived the Jones (1995) meteoroid ejection ve-
locity equation for the case of spherically symmetric ejection,
extending it to include small particles. We have also computed
the radiation pressure efficiency factor, Qpr, for a selection of
meteoroid material analogs. This factor is critical for obtain-
ing the relative importance of radiation pressure and gravity for
small particles, β. We have reproduced some of the features of
β seen in the work of Burns et al. (1979), and have extended the
set of materials considered to include tholins.
We find that for the ten major meteoroid streams we consider,
particles between 10−18 and 10−13 kg are lost due to radiation
pressure. In some streams, some particles as large as 10−9 kg
are lost due to the combined effects of radiation pressure and
ejection velocity. Very small particles (< 10−18 kg) may be
initially retained if they behave like so-called “ideal” optical
material, but will likely be subsequently lost due to the Lorentz
force.
These boundaries may be blurred or expanded by the subse-
quent orbital and material evolution of meteoroids and dust par-
ticles. Particle orbits will be modified over time by the gravita-
tional influence of the planets, Poynting-Robertson drag, solar
wind pressure, and, for small particles, Lorentz forces, but the
ability of radiation pressure to remove particles in less than one
orbit is difficult to overcome through any of these effects. Over
longer timescales, however, we hypothesize that collisions may
be able to backfill the excluded mass ranges. We thus conclude
that meteoroid showers are unlikely to contribute to the data
used to construct the Gru¨n et al. (1985) meteoroid flux curve,
making that study a sporadic-only model.
It may be possible to test our predictions using meteor radar
shower surveys. For instance, the Middle Atmosphere ALO-
MAR Radar System (MAARSY) detected Lyrid meteors just
above our predicted threshold; the mean (log10) dynamical
mass detected was -8.1, with a standard deviation of 1.1. A
radar with an order-of-magnitude lower mass threshold may be
able to test whether the size distribution “breaks” near 10−9 kg
as predicted.
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Appendix A. Derivation of ejection velocity
This appendix presents our derivation of the speed of parti-
cles carried away from a comet’s nucleus by sublimation. We
will assume that the sublimating gas is water. Throughout this
section, we will use v to denote gas speed and u to denote par-
ticle speed.
Appendix A.1. Surface temperature
The temperature at the surface of the comet, T , is governed
by energy balance: the energy lost through re-radiation and
sublimation must equal the solar radiation intercepted by the
nucleus. Locally, the temperature will vary in a manner that
depends on the solar zenith angle, geometry, rotation rate, and
thermal properties of the nucleus (Groussin et al., 2007). If the
heating is restricted to the surface of the nucleus, the tempera-
ture must satisfy the following energy balance equation:
F
r2h
cos θ = σT 4 + Z(T ) H(T ) (A.1)
where F = 1361 W m−2 is the solar irradiance at 1 au, θ is the
local solar zenith angle, rh is heliocentric distance in au, σ is the
Stefan-Boltzmann constant, T is the temperature at the surface
of the comet, Z is the sublimation rate, and H(T ) is the heat of
sublimation of water ice and is shown in Fig. A.6.
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Figure A.6: Heat of sublimation of water ice (H) and adiabatic index of water
vapor (γ) as a function of temperatures, T . Values of H are taken from Table
4 of Feistel & Wagner (2007). Values of γ are computed as γ = 1 − MCp/R,
where M is the molar mass of water, R is the gas constant, and Cp, the heat
capacity at constant pressure, is taken from an online database.2
The rate of sublimation is usually determined in the follow-
ing manner (for example, see Brandt and Chapman, 2004). One
first envisions a saturated gas in equilibrium that is condensing
onto a surface and vaporizing from it at the same rate, Z. The
gas has pressure psat and molar density nsat and obeys the ideal
gas law:
psat = nsatRT (A.2)
where R is the gas constant. The mean speed of the saturated
gas is assumed to be that of a Maxwellian distribution:
v¯sat =
√
8RT
piM
(A.3)
where M is the molar mass of the gas. The rate at which parti-
cles condense is equal to the rate at which gas molecules collide
with the surface:
Z = M · 14 nsatv¯sat = psat
√
M
2piRT
(A.4)
Note that the above formula for Z contains a factor of M and
thus provides the mass sublimation rate in units of kg m−2 s−1,
rather than the molar sublimation rate presented by Brandt and
Chapman (2004). Use of a mass sublimation rate requires that
the heat of sublimation, H, carry units of J kg−1.
The equilibrium pressure of saturated water vapor is a func-
tion of temperature; several works provide expressions for the
saturation pressure as a function of temperature (Wexler, 1977;
Fanale and Salvail, 1984; Benkhoff and Huebner, 1995). The
pressure quoted by these three papers is extremely similar be-
tween 100 and 400 K (see Fig. A.7) and so we opt to use the
simplest equation of the three (Fanale and Salvail, 1984):
psat = (3.56 × 1012 Pa) · e−6141.667 K/T (A.5)
2http://www.engineeringtoolbox.com/water-vapor-d 979.html
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Figure A.7: The pressure of saturated water vapor in equilibrium as a function
of temperature. Three different formulae are shown: Eq. 54 of Jones (1995),
Eq. 7 of Fanale and Salvail (1984), and Eq. 10 of Benkhoff and Huebner (1995).
The three equations agree to within 5% between 150 and 375 K.
0 pi/4 pi/2
0
100
200
solar zenith angle, θ
T
(K
)
0
0.2
0.4
0.6
0.8
1
f s
u
b
Figure A.8: Comet nucleus surface temperature (black, dashed) and the fraction
of the incident energy that goes into sublimation (red) as a function of solar
zenith angle, θ. The dots mark the angle where cos θ = 14 and the temperature
is equivalent to that of an evenly heated nucleus.
The combination of Eqs. A.1, A.4, and A.5 allows us to solve
for the surface temperature of the comet as a function of helio-
centric distance and solar zenith angle:
F
r2h
cos θ = σT 4 + H(T ) · psat(T ) ·
√
M
2piRT
(A.6)
Figure A.8 presents temperature as a function of solar zenith
angle, assuming a heliocentric distance of 1 au. At the subsolar
point, the surface temperature is 204.9 K, which is very close to
the value of 204.5 presented by Jones (1995). Figure A.8 also
presents the fraction of the energy that goes into sublimation
rather than re-radiation ( fsub); close to the terminator, sublima-
tion plummets and radiation dominates.
Equation A.1 applies if heating of the cometary surface is
local. If we instead assume that the nucleus is evenly heated
and sublimation takes place evenly across the entire surface of
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the nucleus, the energy balance equation becomes:
F
4r2h
= σT 4 + Z(T ) H(T ) (A.7)
where the factor of 4 arises from the ratio of a sphere’s cross-
sectional area to its surface area. Note that Eq. A.7 and A.1 are
equal when cos θ = 14 , which occurs when θ ' 1.32 radians.
The values of T and fsub (194.5◦ K and 0.76, respectively) that
correspond to this angle are marked in Fig. A.8.
Appendix A.2. Gas dynamics
Now that we have determined the temperature of the surface
of the nucleus, we will turn our attention to the motion of the
gas as it streams away from the comet.
Appendix A.2.1. Gas dynamics at the comet’s surface
We will assume that the density and pressure of the gas are
initially half their saturation values (Davidsson and Skorov,
2004). This corresponds to a scenario in which we envision
a saturated gas that is both condensing onto a surface and sub-
limating from it at a rate Z, and then discard the condensing
component, obtaining a factor of 2 reduction in number den-
sity (n0 = 12 nsat). Only outward-moving particles remain and
therefore the gas is not in equilibrium (Davidsson and Skorov,
2004). Note that this simplifying assumption of no condensa-
tion is not strictly true; Davidsson and Skorov (2004) estimate
the backflux as varying between 4% and 22%.
The average speed of the water molecules is unchanged, but
only outward-bound molecules remain. Thus, the average out-
ward speed of the gas near the surface of the comet is given
by:
v0 =
∫ pi/2
0
v¯sat cos θ sin θ dθ = 12 v¯sat (A.8)
This speed appears in, among others, Ma et al. (2002). The
sublimation rate is Z = Mn0v0; mass is conserved regardless of
whether the gas is in thermodynamic equilibrium.
Appendix A.2.2. Re-establishment of thermal equilibrium
Huebner and Markiewicz (2000) derived the temperature and
bulk velocity of a sublimating gas after it has re-established
thermodynamic equilibrium. The final temperature of the gas
depends on the adiabatic gas constant and the number of excited
rotational and vibrational degrees of freedom, but the final bulk
velocity can be expressed fairly simply in terms of the initial
average speed:
v1 =
piv¯sat
4
=
√
piRT
2M
(A.9)
where T is the initial temperature of the gas and of the comet’s
surface. Note that Eq. A.9 is equivalent to Eq. 4 of Jones (1995).
This velocity is larger than v0 because some of the initial ther-
mal energy of the gas has been converted to bulk velocity. Once
the bulk velocity has been determined, we can use Z = ρ1v1 to
obtain the mass density of the gas, or
ρ1 =
psat(T )
v1
√
M
2piRT
= psat(T )
M
piRT
(A.10)
We assume that both the re-establishment of equilibrium and
the subsequent outward flow of the gas are adiabatic processes.
Thus, since some of the initial thermal energy of the gas is con-
verted to bulk motion, the temperature of the gas must be lower
than the temperature of the comet’s surface. The new tempera-
ture is given by Huebner and Markiewicz (2000) as:
T1 =
8 + 2 frv − pi
2( frv + 3)
T (A.11)
where frv is the number of excited rotational and vibration de-
grees of freedom in the gas. The total number of degrees of
freedom is f = frv + 3. If we substitute f = 2/(γ − 1), where γ
is the adiabatic index (see Fig. A.6), we obtain:
T1 = 14 (2 + pi + 2γ − piγ) T (A.12)
The above equations from Huebner and Markiewicz (2000)
require a number of collisions to occur in order for the gas to
reestablish equilibrium. The gas does not achieve equilibrium
instantly, but rather several mean free paths distant from the
surface. The mean free path is approximately
l ∼ 1√
2pis2KnNA
(A.13)
where sK is the kinetic radius of the gas molecule and NA is
Avogadro’s number. Using 265 pm for the kinetic radius of a
water molecule (see Table 2.2 of Ismail et al., 2015) and calcu-
lating n1 at r = 1 au and θ = 0◦, we obtain a mean free path
of 0.083 m. Thus, one meter could be considered “many col-
lisional mean free paths away from the surface” (Huebner and
Markiewicz, 2000). One meter is also generally negligible in
comparison with cometary nuclei measuring ∼ 1 km in diame-
ter, and so we will henceforth use Eq. A.9 to compute the gas
velocity “at the surface of the nucleus.”
Appendix A.2.3. Outward gas flow
As the gas expands and flows away from the cometary sur-
face, it follows the relation (Suryanarayan, 1972; Jones, 1995):
dp
ds f
+ ρv
dv
ds f
= 0 (A.14)
where s f is distance along the flow line. Since the gas is as-
sumed not to exchange energy with the environment, it should
also obey the adiabatic gas law:
pρ−γ = p1ρ
−γ
1 = C (A.15)
where γ is the adiabatic index, C is a constant, and the sub-
script 1 indicates that the values are taken near the surface of the
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comet but after thermal equilibrium has been re-established. If
we substitute p = Cργ into Eq. A.14 and divide by ρ, we obtain
C γ ργ−2
dρ
ds f
+ v
dv
ds f
= 0 (A.16)
The above equation can be integrated and multiplied by 2 to
obtain
2Cγ
γ − 1ρ
γ−1 + v2 = D (A.17)
where D is another constant. Thus, we must determine the val-
ues of the constants C and D.
The equilibrium pressure near the surface can be calculated
from the ideal gas law:
p1 =
ρ1
M
RT1 (A.18)
where the temperature T1 is given by Eq. A.12. If we further
substitute T = 2Mv21/piR, the pressure becomes
p1 =
2 + pi + 2γ − piγ
2pi
ρ1v21 (A.19)
and therefore
C = p1ρ
−γ
1 =
2 + pi + 2γ − piγ
2pi
ρ
1−γ
1 v
2
1 (A.20)
We can now insert this relation for C into Eq. A.17 and evaluate
at location 1:
D =
γ
γ − 1
2 + pi + 2γ − piγ
pi
(
ρ
ρ1
)γ−1
v21 + v
2 (A.21)
Now that our constants have been determined, we can relate
velocity and density along the flow line using an expression
that is similar to Eq. 7 of Jones (1995):
v2n = 1 + g
(
1 − ργ−1n
)
(A.22)
g =
γ
γ − 1
2 + pi + 2γ − piγ
pi
(A.23)
Note that we have expressed the gas velocity and density rela-
tive to their values “at the surface”: vn = v/v1 and ρn = ρ/ρ1.
We have also introduced the dimensionless quantity g. Jones
(1995) obtains g = 4γ/pi(γ−1); this corresponds to the assump-
tion that T1 = T , which is not correct according to Huebner and
Markiewicz (2000). Nevertheless, equation A.23 yields a value
that is similar to the simpler expression from Jones (1995); for
γ = 1.332, we obtain g = 4.62 rather than 5.11. Jones (1995)
actually quotes a value of 5.38, but the author confirmed that
this was an error (J. Jones, personal comm.).
As noted by Jones (1995), the mass flux along the flow line
is the product of ρ and v:
J = ρv (A.24)
Let us momentarily neglect the dependence of Eq. A.6 on
solar zenith angle, and assume that the temperature, pressure,
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Figure A.9: Bulk velocity, v, and mass density, ρ, of gases sublimating from
a comet relative to their values near the surface of the comet (v1, ρ1) and as
a function of cometocentric distance (r). These solutions correspond to the
spherically symmetric case.
outward bulk velocity, and gas density is the same across the
entire surface of the nucleus. In this case, the gas will flow
directly outward at all points and the mass flux will therefore
obey:
ρnvn = (r/Rc)−2 = r−2n (A.25)
where r is cometocentric distance and Rc is the radius of the nu-
cleus. Eq. A.25, when combined with Eq. A.22, can be solved
to obtain the velocity and density of the gas as a function of
distance from the comet (see Fig. A.9).
When the outgassing is not spherically symmetric, one must
solve for both the radial and tangential components of the mass
flux. Jones (1995) uses Legendre polynomials to describe an
axisymmetric flow, following the general approach of Jackson
(1998). However, the Legendre polynomial approach is typi-
cally solved by imposing a boundary condition on the potential,
Φ (Jackson, 1998). Jones (1995) instead imposes a boundary
condition on the radial component of the gradiant of the poten-
tial, Jr. We find that his solution correctly reproduces Jr, but
introduces a strong tangential flow at the surface of the comet,
Jθ. The vector sum of these two components exceeds v1 and
is, we believe, incompatible with our assumptions. We plan to
revisit the axisymmetric case in the future in an attempt to re-
solve this issue. In this paper, we will confine ourselves to the
spherically symmetric case.
Appendix A.3. Particle dynamics
Once the gas flow has been determined, we can solve for the
motion of solid particles due to gas drag:
d2r
dt2
=
du
dt
=
AΓ
2
m−1/3ρ−2/3m ρ [v − u]2 (A.26)
where u is the radial speed of the particle and r its cometocen-
tric distance, m is the particle’s mass, and ρm is the particle’s
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Figure A.10: Velocity parameter wn at arbitrarily large cometocentric distance
as a function of adiabatic index γ. Note that wn,∞ is not particularly sensitive to
modest variations in γ.
bulk density. The parameter A is the shape factor, which de-
scribes the ratio of a particle’s cross-sectional area to its vol-
ume raised to the 2/3 power. We assume that the ejected parti-
cles are spheres and that A = (9pi/16)1/3 ' 1.209, but irregular
particles may have higher shape factors and thus be accelerated
faster. The parameter Γ is the drag coefficient; this work follows
Whipple (1951) and Jones (1995) in using Γ = 2(1 + 49 ) ' 2.89.
This value corresponds to free molecular flow, in which each
colliding gas molecule is completely stopped by the meteoroid,
then re-emitted at thermal velocity in a random direction. Fi-
nally, we assume that r = Rc and u = 0 at the surface of the
nucleus.
To simplify this process, we define dimensionless variables
rn = r/Rc, un = u/v1, and tn = t · v1/Rc, and a dimensionless
constant ξ, where
ξ2 =
AΓ
2
m−1/3ρ−2/3m ρ1 Rc (A.27)
Thus, our system of equations becomes:
dun
dtn
= ξ2 ρn [vn − un]2 (A.28)
drn
dtn
= un (A.29)
The parameter ξ encompasses all dependence on particle mass,
bulk particle density, particle shape factor, comet size, and he-
liocentric distance. The dimensionless parameters ρn and vn
depend only on normalized cometocentric distance rn and the
adiabatic index γ. Although the adiabatic index γ is techni-
cally a function of temperature and thus heliocentric distance,
it varies so little over our range of interest (see Fig. A.6) that
we treat it as a constant.
Appendix A.3.1. Large particles (ξ  1)
When ξ  1, un remains small compared to vn and may
be dropped from Eq. A.28. This is the assumption that Jones
(1995) makes in order to solve Eq. A.26 for large particles. If
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Figure A.11: The final velocity of dust particles carried outward from a
cometary nucleus by sublimating water ice. We present a unitless normalized
velocity; the true velocity u∞ = v1un,∞, where v1 is the outward speed of the
sublimating gas near the comet’s surface. Velocity is shown as a function of the
dimensionless parameter ξ, which depends on physical parameters of the dust
particle and comet nucleus (see Eq. A.27). We display the exact solution for
un,∞, the two limiting cases discussed here, and the approximate solution given
by Eq. A.34.
we further substitute wn = un/ξ and sn = tnξ, we find:
dwn
dsn
= ρn v2n (A.30)
dxn
dsn
= wn (A.31)
If we integrate these equations to obtain wn at large cometocen-
tric distance, we obtain wn,∞ = 1.881; this result is indepen-
dent of the value of ξ. The value of wn,∞ does vary with γ, but
Fig. A.10 shows that these variations are modest.
We now can obtain the particle velocity at large cometocen-
tric distance as follows:
u∞,a = v1 ξwn,∞ (A.32)
Appendix A.3.2. Small particles (ξ  1)
When ξ is large, the dust particles rapidly accelerate until
u ∼ v. Thus, we can in this case simply set
u∞,b = v∞ = v1
√
1 + g (A.33)
where the parameter g is defined in Eq. A.23. This expression
does not vary with particle size or bulk density.
Appendix A.3.3. All particle sizes
Figure A.11 shows the normalized dust speed at large come-
tocentric distance for varying values of ξ. Note that for small
ξ (large particles), un,∞ approaches the large particle approxi-
mation discussed in Section Appendix A.3.1, while for large ξ
(small particles), un,∞ approaches the small particle approxima-
tion discussed in Section Appendix A.3.2.
For a more rapid calculation of un,∞, we provide an
empirically-determined relation that combines our two limiting
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cases. We multiply by v1 to obtain the dimensional speed u∞:
u∞ ' v1(T )
(
(
√
1 + g)−1.054 + (wn,∞ξ)−1.054
)−0.949
' v1(T )
(
0.4025 + 0.5139 · ξ−1.054
)−0.949
(A.34)
for γ = 1.332. The speed v1(T ) can be calculated using Eqs. A.7
and A.9, and ξ can be computed using Eqs. A.10 and A.27.
We will use Eq. A.34 to compute the final outward speed of
meteoroids and dust particles from this point forward.
Appendix B. An exact solution for unbound large particles
In this section, we present an exact analytic solution for the
mass at which particles become unbound, assuming that geo-
metric optics applies and that the particles’ ejection velocity
follows the large particle limit.
Appendix B.1. Leading ejecta
We first consider the case in which particles are ejected in
the direction of the comet’s motion. In this case, the particle’s
velocity is the sum of the comet’s velocity and ejection velocity.
Such particles are unbound when:
vp + u∞(β) = vesc(β) (B.1)
For the geometric optics case, β ∝ (ρs)−1 ∝ m−1/3ρ−2/3. Thus,
β has the same dependence on particle mass and density as ξ2.
Using this fact, we make the β dependence explicit:
vp + A
√
β = B
√
1 − β (B.2)
where A = u∞(β = 1) and B = vesc(β = 0). We can further
rearrange this as:
−A √β + B√1 − β = vp (B.3)
Next, if we substitute sin y = −√β, we obtain:
A sin y + B cos y = vp (B.4)
which has the solution
y = sin−1
(
vp√
A2 + B2
)
− atan2(B, A) (B.5)
β1 = sin2 y (B.6)
Equations B.3 and B.4 are equivalent only when sin y is neg-
ative and cos y is positive. We therefore next verify that these
conditions are satisfied. We note that z = u∞/vesc is much
less than unity, and that vp/vesc(β = 0) =
√
1 − q/2a. Fur-
thermore, both vesc and u∞ are always positive and therefore
atan2(B, A) = tan−1(B/A). Using these relations, we can ex-
press Eq. B.5 as
y = sin−1
√1 − q/2a1 + z2
 − tan−1 (1z
)
= sin−1
 √1 − q/2a√
1 + z2
 − sin−1 ( 1√
1 + z2
)
(B.7)
For periodic comets, q/2a lies between 0 and 1 (as does z).
Thus both arguments of sin−1 in the above equation also lie be-
tween 0 and 1, although
1√
1 + z2
>
√
1 − q/2a√
1 + z2
(B.8)
The function sin−1 is monotonically increasing over the interval
(0,1), with a maximum value of pi/2 and a minimum of 0. Thus,
y is less than zero but greater than −pi/2, and therefore satisfies
sin y < 0 and cos y > 0.
Appendix B.2. Trailing ejecta
Next, we consider the case in which particles are ejected op-
posite to the direction of the comet’s motion. In this case, the
ejection velocity must be subtracted from the comet’s velocity,
and the resulting orbits are unbound when:
vp − A
√
β = B
√
1 − β (B.9)
or
A
√
β + B
√
1 − β = vp (B.10)
In this case we make the substitution cos x =
√
β and obtain:
A cos x + B sin x = vp (B.11)
which has the solution:
x = sin−1
(
vp√
A2 + B2
)
− atan2(A, B) (B.12)
β2 = cos2 x (B.13)
Equations B.10 and B.11 are equivalent only when sin x and
cos x are both positive. In this case, we obtain:
x = sin−1
√1 − q/2a1 + z2
 − tan−1(z)
= sin−1
√1 − q/2a1 + z2
 − sin−1 ( z√
1 + z2
)
(B.14)
So long as the comet’s orbit is eccentric enought to satisfy√
1 − q/2a > z, x lies in the first quadrant and satisfies sin y > 0
and cos y > 0.
Equations B.6 and B.13 provide analytic solutions for the
critical β value for particles leading and trailing the comet.
These equations should be applicable for all formulations for
ejection velocity that are proportional to
√
β.
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